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Abstract

In this paper a novel approach is described to perform
detection of Cancer Tissues by directly modeling the
statistical characteristics of the Cancer Cells. This
approach allows us to represent Cancer Tissue
Acquisitions in the form of pattern that will be analyzed
and monitored using Adaptive Self Organizing Maps and
Mathematical framework of Cancer Random Tissue
Distributions and Localization of Cancer Cells.MRI
Images are stacked and pattern recognition techniques
are applied to determine Cancer Tissue Image
Segmentation and Registration.

1. Introduction

Growth of Cancer patients is increasing and many patients
diagnosed with Cancer at a Late Stage. So there is a high
requirement of innovation in the field of Early Cancer
Detection. Cancer Screening can help to find the cancer in
early stage of development and there are more chances
better treatment results. However, some of the cancer
types still don’t have screening test available and few
populations with certain genetic code.

Cancer is a disease in which abnormal cells start
dividing and there is no immunity defense to control the
cell division and more likely invade other connected
tissue structure. Cancer cells can distribution in random
order through blood stream and lymph systems. There are
more than 100 different types of cancer.

Requirements engineering is an attempt to define a
discipline for the management of requirements across the
system development life cycle. In particular, the
discipline addresses the stages preceding the better
understood, downstream activities of detailed design,
implementation, testing, and maintenance, for which there
exist reasonably formal engineering practices and
procedures often supported by computer tools.

At the front end of the life cycle, the task is to
understand the customer’s  requirements.  Most
requirements begin as natural language statements
embedded within formal project specification documents,

often hundreds of pages in length. These documents
normally represent the unresolved views of a group of
individuals and will, in most cases be fragmentary,
inconsistent, contradictory, seldom be prioritized and
often be overstated, beyond actual needs. There is very
little in the way of formal process and tool support in this
area. This is unfortunate, as the front end tasks represent
the key leverage points in the entire design and
development process. Mistakes and misunderstandings at
this stage may result in enormous economic and technical
problems later on in the life cycle.

2. Statistical modeling of Joint Cumulant

The Independence among signals means there is no
statistical dependence among them. For the 2nd order
statistics with Gaussian random variables, independence
means their mutual correlation is zero. For higher order
statistics, the dependence is judged by joint cumulant,
which means their mutual joint cumulants are zero.
Generally speaking, we deal with non-Gaussian random
variables. So it is necessary to consider higher order
statistics for independence [6-11].

For a set of n real random variable {x1, x2, ..., xn}, their
joint moment of order r = k1 + k2 + ... + kn are given by
Papoulis [2]:
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is there joint characteristic function.
Another form of joint characteristic function is defined as
the natural logarithm of

Do), 0,...0 ) ie.
"'|"{{r]| N R f}= In fl?{{.-” 070y }]

Joint cumulants can be defined as the coefficients in the
Taylor series expansion of the above characteristic
function about zero:
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The general relationship between moments of {x1, x2, ...,
xn} and joint cumulants Cum[x1, x2, ...,Xn] of order r =

n is given by Rosenblatt [3]:
My Mg Ty
|-\| I-H‘ I-Hp

where the summation extends over all partitions (s1, s2,
+Sp),p=1,2,...,n,of

the set of integers (1, 2, ..., n).

From statistical point of view, for a set of n real random
variable {x1, x2, ..., xn}, if their mutual joint cumulants
up to order n are all zero, then, they can be claimed
independent. For calculation simplicity, we consider only
the 3rd and 4th orders. We define a penalty function P,

Cufx, ... Xy 1= 2 (- s |(|u |

P'n .. |
e IHIJ
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Separation matrix W can be obtain by minimizing P with
T T CTHT

regard to W. W is [ W2o - Wa I's where w1
through wn are row vectors. Gradient decent method is
used in experiments. Independent components are
extracted one by one. When extracting j-th component xj,
joint cumulants are calculated for all i and j combination
with i < j. We first assume input signals Y be whitened,
i.e. zero mean, unit variance. For non-whitened signals,
simply do a PCA whitening. Consider the 1st component.
It can be extracted by maximizing its fourth order
cumulant, kurtosis [1], and the separating function is,

wilkt 1= E[Y (Y wi (k)] — 3 wik)

For the j-th component, j>1

i)=3
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To extract the j-th component, j > 1, we need to calculate
3*j =3 terms of joint cumulants.

We consider the following software engineering
model field equations defined over an open
bounded piece of network and /or feature space

QcR?. They describe the dynamics of the
mean Software models of each of p node

populations.
N = 2], 3PSV -7, (D). D -hy T

+174(r,1),
Vit =4(tr)

t>0,1<i<p,
te[-T,0]

We give an interpretation of the various
parameters and functions that appear in (1), Q is
finite piece of nodes and/or feature space and is

represented as an open bounded set of R®. The

vector r and r represent points in Q. The
function S:R—(0,1) is the normalized
sigmoid function:
1
S(2)=—+ (2)
l+e

It describes the relation between the input
software model rate v, of population i as a
function of the software requirement potential,
for example, V, =V, = S[o; (V; —h)]. We note V
the p— dimensional vector (V,,..,V,). The p
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function ¢,i=1..,p, represent the initial
conditions, see below. We note ¢ the p-
dimensional vector (¢,,...,¢,). The p function
1>,i=1,..,p, represent external factors from
other network areas. We note 1 the p-
dimensional vector (1*,..,17%). The pxp
matrix of functions J={J;} ,, , represents
the connectivity between populations i and |,

see below. The p real values h,i=1..,p,
determine the threshold of activity for each
population, that is, the value of the nodes
potential corresponding to 50% of the maximal
activity. The p real positive values
o,,i=1..,p, determine the slopes of the
sigmoids at the origin. Finally the p real
positive values l,i=1..,p, determine the

speed at which each requirement node potential
decreases exponentially toward its real value.

We also introduce the function S:R” —RP,
defined by

S(x)=[S(o,(x, —h)),...S(c,—h,))], and the
diagonal px p matrix L, =diag(l,,....1)).Is the
intrinsic dynamics of the software requirement

model population given by the linear response
of functional and non functional requirement

design pattern. (%Hi) is replaced by (%Hi)2
to use the alpha function response. We use
(%Hi) for simplicity although our analysis

applies to more general intrinsic software moule
requirement dynamics. For the sake, of
generality, the propagation delays are not
assumed to be identical for all populations,

hence they are described by a matrix z(r,r)
whose element rij(r,F) is the propagation delay

between population j at r and population i at

r. The reason for this assumption is that it is
still unclear from business requirements if

propagation delays are independent of the
populations. We assume for technical reasons

that 7 is continuous, that is Teco(ﬁz,Rpr :
Moreover software data indicate that 7 is not a
symmetric function i.e., z;(r,r)=7;(r,r), thus

no assumption is made about this symmetry
unless otherwise stated. In order to compute the
right-hand side of (1), we need to know the node
potential factor V on interval [-T,0]. The

value of T is obtained by considering the
maximal delay:
Tp = Max_ Ti,j(rvr) 3)

i,j(r,reQxQ)

Hence we choose T =7,

A. Software Requirement Mathematical Framework

A convenient functional setting for the non-
delayed software requirement model field

equations is to use the space F =L*(Q,R")

which is a Hilbert space endowed with the usual
inner product:

(V,U)_ :iz::jﬂvi(r)ui(r)dr 1)
To give a meaning to (1), we defined the history
space C=C°(-z,,0],F) with
|¢] = sup_. o [#®)|F. which is the Banach

phase space associated with equation (3). Using
the notation V,(0)=V(t+0),0 €[-7,,0], we
write (1) as
VO =-LVO+LSV)+I™O, (2
V,=¢¢€C,
Where
L:C—>F,
- [ I(,Ng(r,—z(,r)dr

Is the linear continuous operator satisfying
WX ey Notice that most of the

papers on this subject assume Q infinite, hence
requiring 7,, = oo.
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Proposition 1.0 If the following software
requirement model assumptions are satisfied.

1. Jel’(Q%RPP),

2. The external current 1°* € C°(R, F),

3. TECO(E,REXP),SUF)&TSTW
Then for any ¢<C, there exists a unique
solution V eC*([0,x),F)nC°([-7,,,»,F) to
©)
Notice that this result gives existence on R,

finite-time explosion is impossible for this
delayed differential equation. Nevertheless, a
particular solution could grow indefinitely, we
now prove that this cannot happen.

B. Boundedness of Solutions
A valid model of software neural networks

requirement model should only feature bounded
software node potentials.

Theorem 1.0 All the software integration model
trajectories are ultimately bounded by the same

constant R if I =max__. IeX‘(t)HF < oo,

Proof :Let us defined f:RxC—>R" as
o ot 1]V,

FLV) = (- @+ LSO+ OV W), == o

i=1,..p i

fEV) <=V O + (PPl + DIV O]

Thus, if

We note | = min,

|R2 def

VO >2‘/7H e+ _R ftV)<—

Let us show that the open data route of F of
center 0 and radius R,Bg, is stable under the

dynamics of equation. We know that V(t) is
defined for all t>0s and that f <0 on JBg,
the boundary of B . We consider three cases for

the initial condition V. If |V |. <R and set
T =sup{t| Vs €[0,t],V(s) e B.}. Suppose that
T eR, then V(T) is defined and belongs to
B_R, the closure of B, because B_Ris closed, in
effect to 0Bg, we also have

d
am/”i |t=T: f (TlVT) < _6 < 0
V(T) € dB;. Thus we deduce that for £ >0 and

small enough, V(T ng)eB_R which contradicts

the definition of T. Thus T ¢R and B, is
stable.

because

Because f<0 on 0B,V (0) € 0B, implies
that vt >0,V (t) € B; . Finally we consider the

case  V(0)eCB, Suppose  that

VI <26
dt

thus [V ()| is monotonically decreasing and
reaches the value of R in finite time when V (t)
reaches oBg. This contradicts our assumption.
Thus 3T >0|V(T) eB;.

Vt>0\V(t)¢B,, then Vt>0

Proposition 1.1 : Let s and t be measured

software requirement functions on X. for
EeM, define

$(E)=| sdu ®

Then ¢ is a measure on M .
jx(s+t)dy=jxsdu+jxtdu ()
Proof If s and if E,E,,.. are disjoint

members of M whose union is E, the countable
additivity of g shows that

$(E) = Za u(ANE) = Za ZM(A NE,)

i=1 r=1

—Zza Hu(ANE)= Zf/)(E )

r=1 i=1
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Also, ?(9) =0. 5o that ¢ is not identically .
Next, let s be as before, let f,,..., 3, be the

distinct values of t, and let B, ={x:t(x) = g;} if
Ey=ANBy, the [ (s+0)du=(a+f)u(E)

and [, sdp | tdpe=agu(Ey) + i u(E)
Thus (2) holds with E in place of X . Since X
is the disjoint union of the sets
E; @<i<nl<j<m), the first half of our
proposition implies that (2) holds.

Theorem 1.1: If K is a compact set in the plane
whose complement is connected, if f is a

continuous complex function on K which is
holomorphic in the interior of , and if & >0,

then there exists a polynomial P such that
|f(z)=P(2)|<¢ forall zeK If the
interior of K is empty, then part of the

hypothesis is vacuously satisfied, and the
conclusion holds for every feC(K). Note that

K need to be connected.
Proof: By Tietze’s theorem, f can be extended

to a continuous function in the plane, with
compact support. We fix one such extension and
denote it again by f . For any 6 >0, let o(5)

be the supremum of the numbers | f (z,) - f (z,)|
Where z, and z, are subject to the condition
|z,—2z|<5 . Since f is uniformly continous,
we have !sif(! ®(6)=0 @

From now on, & will be fixed. We shall prove

that there is a software module API calls
polynomial P such that

| f(z)—P(2)|<10,000 o(5) (zeK) (2)

By (1), this proves the theorem. Our first
objective is the construction of a function
®eC_(R?), such that for all z

11(2)-D(2)| < (3), ®)
(00)(2)] < 2“’(5) (@)
And

0@ --2[[PCyeay  ¢-crin,  ©
Ty §-1
Where X is the set of all points in the support
of ® whose distance from the software runtime
parameter and dynamic software object binding
complement of K does not 6 . (Thus X
contains no point which is “far within” K.) We
construct @ as the convolution of f with a

smoothing function A. Put a(r)=0 if r > &, put

2

a=—_a-"y  (0sr<s), ()

o
And define
A(z) = a(z)) (7
For all complex z. It is clear that AsC_(R?).
We claim that

jjA:l, (8)

jjaAzo, 9)

j j oA =

The constants are so adjusted in (6) that (8)
holds. (Compute the integral in polar
coordinates), (9) holds simply because A has
compact support. To compute (10), express cA

i i oA/ _
in polar coordinates, and note that é 0= 0,

oA
or— -a,

Now define
©(2) = [[ f(z-O)Adedn = [[AZ-OF(O)dedn (D)

Since f and A have compact support, so does
®. Since

—<— 10
156 o 10)
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®(z) - f(2)
= [[Tf(2-0) - f(@1AE)dedn (12)

And A($) =0 if |¢|>6, (3) follows from (8).

The difference quotients of A converge
boundedly to the corresponding software
abstract layer partial derivatives, since

AcC_(R?) . Hence the last expression in (11)

may be differentiated under the integral sign,
and we obtain

(0@)(2) = [[ (GAY(z—¢) f (£)dédn
= [[ f(z=¢)(@n) (¢ )dEdn

~ [[[f z-0)- f @I C)dedn  (3)

The last equality depends on (9). Now (10) and
(13) give (4). If we write (13) with @, and @
in place of od, we see that @ has continuous

partial derivatives, if we can show that 0® =0
in G, where G is the set of all zeK whose

distance from the complement of K exceeds 6.
We shall do this by showing that

O(z)=f(z) (zG);  (14)

Note that of =0 in G, since f is holomorphic
there. Now if z¢G, then z—¢ is in the interior
of K for all ¢ with [¢|<85. The mean value
property for harmonic functions therefore gives,
by the first equation in (11),

D(2) = jj a(r)rdr j:” f(z—re)do

=271 (2) jja(r)rdr =1(2) j j A= f(2) (15)

For all z & G , we have now proved (3), (4),

and (5) The definition of X shows that X is
compact and that X can be covered by finitely

many open discs D,,...,D,, of radius 26,

whose centers are not in K. Since S*—K is
connected, the center of each D; can be joined

n?

to oo by a polygonal path in S? —K . It follows
that each D, contains a compact connected set
E,, of diameter at least 25, so that S* —E; is
connected and so that K NE; =¢. with r=25.
There are g;eH(S*-E;) and

constants b; so that the inequalities.

functions

Qo< o
Q.- L | 40008 @7)
2=¢| " Je~¢|

Hold for z¢ E; and £ € D, if

Q;(¢,2)=9,(2)+(¢~b)g;(2) (18)

Let Q be the complement of E U...UE,. Then
Q is an open set which contains K. Put
X, =XnNnD and
X;=(XNDj)-(X,;u..uX,,), for 2< j<n,
Define

R(¢.2)=Q;(¢.2)  (¢eX;,zeQ)  (19)

And
F(2) = =[[(0®)(C)R(¢, 2)d¢dn  (20)
T X
(z ¢ Q)
Since,

F@)=Y[[e0)¢)Q ¢ dédn, (21

j=1
(18) shows that F is a Software Quality of
Service (QoS) finite linear combination of the

functions g, and g5. Hence FeH (Q). By (20),
(4), and (5) we have

F@-o@)] <222 (1R .2)
o

~ L jdedn @) (22
1-¢

Observe that the inequalities (16) and (17) are
valid with R in place of Q; if £ ¢ X and

zeQ.now fix ze Q. , put {=z+pe”, and
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estimate the integrand in (22) by (16) if p <49,
by (17) if 46 < p. The integral in (22) is then
seen to be less than the sum of
27" [5—0+£jpdp 80875 (23)

Yo
And

» 4,00052
2”." 5 2

od p =2,000735. (24)

Hence (22) yields

|F(2) - ®(z)| < 6,0000(5) (ze Q) (25)
Since FeH(Q),KcQ, and S*-K is
connected, Runge’s theorem shows that F can
be uniformly approximated on K by

polynomials. Hence (3) and (25) show that (2)
can be satisfied. This completes the proof.

Lemma 1.0 Suppose software model
requirement feC_(R®), the space of all

continuously differentiable functions in the
plane, with compact support. Put

0 _L i+ii @
2\ 0x oy
Then the following “Cauchy formula” holds:

G0
f(z)=—;g—d§_z &dn

(& =&+in) )
Proof: This may be deduced from Green’s
theorem. However, here is a simple direct proof:
Put o(r,0) = f(z+re"), r>0, 6 real

If £ =z+re", the chain rule gives

(0 (&) = =¢" [Lli}o(r,e) ©

2 or r oo

The right side of (2) is therefore equal to the

limit, as ¢ — 0, of

‘—f I”@f '8<"Jd9dr (4)

For each r >0,¢ is periodic in 6, with period
27 . The integral of d¢p /00 is therefore 0, and
4 becomes

! dej aq’dr— joz”go(g,e)de (5)

27 90

As ¢ >0, p(g,0) > f(z) uniformly.
This gives (2)

If X“ea and X’ek[X,..X,] , then

X*XP =X*Fca , and so A satisfies the
condition (*). Conversely,

e XD dXP)= Zc d, X

acA pel”

(finite sums),

and so if A satisfies (*), then the subspace

generated by the monomials X*,ae€a, is an
ideal. The proposition gives a classification of
the monomial ideals in k[X,,...X, ]: they are in
one to one correspondence with the subsets A
of 0" satisfying (*) . For example, the
monomial ideals in k[ X ] are exactly the ideals
(X™), n>1, and the zero ideal (corresponding
to the empty set A). We write <X"‘ |a e A> for

the ideal corresponding
generated by the X, a €a).

to A (subspace

LEMMA 11. Let S be a Software non
functional requirement subset of (0 ". The ideal
a generated by X*,aeS is the monomial

ideal corresponding to
df

A={Bel"|p-ael",
Thus, a monomial is in a if and only if it is
divisible by one of the X“,a €[S

PROOF. Clearly A satisfies (*) , and
ac<Xﬁ |ﬁeA> . Conversely, if BeA, then
f—aecl" for some «aeS , and
X? =X*XP“ca. The last statement follows

Some a € S}
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from the fact that X“|X” < B—aell". Let
AclU" satisfy(*). From the geometry of A, it
is clear that there is a finite set of elements
S={a,,..a,} of A such that
A:{ﬁeD "|B-a;€ll?, some q eS} (The

o;'s are the corners of A ) Moreover,
df

a:<X‘” |a e A> is generated by the monomials
X%, o €S.

DEFINITION 1.0. For a nonzero ideal a in
K[X,.,..X,], we let (LT(a)) be the ideal

generated by
{LT(f)| fe a}

LEMMA 1.2 Let a be a nonzero ideal in
k[X,,...X,] ; then (LT(a)) is a monomial
ideal, and it equals (LT(g,),..,LT(g,)) for
some ¢,,...,d, €a.

PROOF. Since (LT (a)) can also be described

as the ideal generated by the leading monomials
(rather than the leading terms) of elements of a.

THEOREM 1.2. Every ideal a in
k[X,,...X,] is finitely generated; more
precisely, a=(g,,...,d;) where g,,..., g, are any
elements of a whose leading terms generate
LT (a)

PROOF. Let f ea. On applying the division
algorithm, we find
f =ag,+..+a,g, +Tr, a,rek[X,...X,]
, Where either r =0 or no monomial occurring
in it is divisible by any LT(g;) . But
r=f-)ag ea and therefore
LT(r)eLT(a)=(LT(9,),..,LT(q,)) , implies
that every monomial occurring in r is divisible

by one in Thus r=0 , and

ge(g9,).

LT(g,) .

DEFINITION 1.1. A finite subset
S={g,|..,g,} of an ideal a is a standard (

(Grobner) bases for a if
(LT(9,),...,LT(g,))=LT(a). In other words, S

is a standard basis if the leading term of every
element of ais divisible by at least one of the

leading terms of the g;.

THEOREM 1.3 The ring K[X,,..,X,] is
Noetherian i.e., every ideal is finitely generated.

PROOF. For n=1, k[X] is a principal ideal
domain, which means that every ideal is
generated by single element. We shall prove the
theorem by induction on n . Note that the

obvious map K[X,,..X, ,J[X,]—=>Kk[X,,..X.] is
an isomorphism — this simply says that every
polynomial f in n variables X,,...X, can be
expressed uniquely as a polynomial in X, with
coefficients in kK[X,,..., X,]:

f(Xy,.. X)) =2a,(X,,..X, )X +..+a (X,..X, ;)

Thus the next lemma will complete the proof

LEMMA 1.3. If A is Noetherian, then so also
is AIX]

PROOF. For a polynomial

f(X)=a,X"+a X" +..+a, aeA a =0,

r is called the degree of f , and a, is its
leading coefficient. We call 0 the leading
coefficient of the polynomial 0. Let a be
an ideal in A[X]. The leading coefficients of
the polynomials in a form an ideal a in A,
and since A is Noetherian, a will be finitely
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generated. Let ¢,,..,d, be elements of a
whose leading coefficients generate a , and let
r be the maximum degree of g, . Now let
f ea, and suppose f has degree s>r, say,
f =aX*+... Then aea , and so we can write
a=) ha, b eA

a =leading coefficient of g;

Now

f->bg X", r=deg(g,), has degree
<deg(f) . By continuing in this way, we find
that f=f, mod(g,,...q,) With f, a
polynomial of degree t <r For each d <r, let
ay be the subset of A consisting of 0 and the
leading coefficients of all polynomials in a of
degree d; it is again an ideal in A . Let
Jg1r-Gam, PE pPolynomials of degree d whose

leading coefficients generate a,. Then the same
argument as above shows that any polynomial
f, in a of degree d can be written

fo=f,,  mMod(gyy . Gyn) With fy, of

degree <d-1 . On applying this remark
repeatedly we find that

fo€(9, 1109 am,1Yo1rGom) HeNCe

ft € (91’---gmg r—l,l""gr—l,m,,l""’ gO,l""’ gO,mO)
and so the polynomials g,,...,g,,, generate a .

One of the great successes of category theory in
computer science has been the development of a
“unified theory” of the constructions underlying
denotational semantics. In the untyped A -
calculus, any term may appear in the function
position of an application. This means that a
model D of the A -calculus must have the
property that given a term t whose
interpretation is d € D, Also, the interpretation
of a functional abstraction like Ax.Xx is most
conveniently defined as a function from DtoD

, Which must then be regarded as an element of

D. Let y:[D— D]— D be the function that
picks out elements of D to represent elements
of [D—>D] and ¢:D—>[D—>D] be the
function that maps elements of D to functions of
D. Since yw(f) is intended to represent the
function f as an element of D, it makes sense
to require that ¢(w(f))="f, that s,
yoy=idy ,, Furthermore, we often want to
view every element of D as representing some

function from D to D and require that elements
representing the same function be equal — that is

v (p(d))=d

or

wog¢=id,

The latter condition is called extensionality.
These conditions together imply that ¢andy

are inverses--- that is, D is isomorphic to the
space of functions from D to D that can be the
interpretations of  functional abstractions:

D=[D —> D] .Let us suppose we are working
with the untyped A -—calculus , we need a
solution ot the equation D=A+[D— D],

where A is some predetermined domain
containing interpretations for elements of C.
Each element of D corresponds to either an

element of A or an element of [D — D], with a

tag. This equation can be solved by finding least
fixed points of the function

F(X)=A+[X — X] from domains to domains
--- that is, finding domains X such that
X =A+[X > X], and such that for any

domain Y also satisfying this equation, there is
an embedding of X to Y --- a pair of maps

f
X [] Y
fR
Such that
fRof =id,
fof®cid,
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Where f < g means that f approximatesg in

some ordering representing their information
content. The key shift of perspective from the
domain-theoretic to the more general category-
theoretic approach lies in considering F not as a
function on domains, but as a functor on a
category of domains. Instead of a least fixed
point of the function, F.

Definition 1.3: Let K be a category and
F :K — K as a functor. A fixed point of F is a
pair (A,a), where A is a K-object and
a:F(A) > A is an isomorphism. A prefixed
point of F is a pair (A,a), where A is a K-object
and a is any arrow from F(A) to A

Definition 1.4 : An @ —chain in a category K
is a diagram of the following form:

Recall that a cocone u of an w—chain A is a
K-object X and a collection of K -arrows
{s; :D; > X |20} such that g =g,,0f; for
all i>0. We sometimes write u:A— X as a
reminder of the arrangement of u's
components Similarly, a colimit z:A— Xis a
cocone with the property that if v:A— X is
also a cocone then there exists a unique
mediating arrow k:X — X' such that for all
i1>0,,v,=koy . Colimits of »-chains are
sometimes referred to as o —colimits. Dually,

an ®” —chain in K is a diagram of the
following form:

A=DeDieDot— A cone u:x >a
of an »® —chain A is a K-object X and a
collection of K-arrows {z; : D, |i >0} such that
for all 120, 4, =f,ou,. An ®” -limit of an
o™ —chain A is a cone u:X —> A with the

property that if v:X — Alis also a cone, then
there exists a unique mediating arrow

k:X — X such that for all i>0,z0k=v, .

We write L, (or just L) for the distinguish

initial object of K, when it has one, and L— A
for the unique arrow from L to each K-object

A. It is also convenient to write
fl f2

A" =D,—3D,_....to denote all of A except
D, and f,. By analogy, u™ is {g |i=1}. For

the images of A and u under F we write
F(fo) F(f) F(f,)

F(A)=F(D,) >F(D,)—>F(D,) —....

and F () ={F ()i >0}

We write F' for the i-fold iterated composition
of F - that is,
Fo(f)=f,F'(f)=F(f),F*(f)=F(F(f))
,etc. With these definitions we can state that

every monitonic function on a complete lattice
has a least fixed point:

Lemma 1.4. Let K be a category with initial
object L and let F:K —>K be a functor.
Define the @w—chainA by
1L>F (L) F2(LL>F (1))

A=l S FUL) o F() >

If both 4:A— D and F(u):F(A) —> F(D)are
colimits, then (D,d) is an intial F-algebra, where
d:F(D) > D is the mediating arrow from

F(u) tothe cocone u

F(L—>F (L))

Theorem 1.4 Let a DAG G given in which each
node is a random variable, and let a discrete
conditional probability distribution of each node
given values of its parents in G be specified.
Then the product of these conditional
distributions  yields a joint  probability
distribution P of the variables, and (G,P)
satisfies the Markov condition.

Proof. Order the nodes according to an ancestral
ordering. Let X, X,,........ X, be the resultant
ordering. Next define.
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PO X+ %,) = PX, [ P2, PX, ;| P, o).

P(%, | pe,)P(x | pay),

Where PA is the set of parents of X;of in G and
P(x | pa;) is the specified conditional
probability distribution. First we show this does
indeed vyield a joint probability distribution.
Clearly, 0<P(x;,X,,...X,)<1 for all values of the

variables. Therefore, to show we have a joint
distribution, as the variables range through all
their possible values, is equal to one. To that
end, Specified conditional distributions are the
conditional distributions they notationally
represent in the joint distribution. Finally, we
show the Markov condition is satisfied. To do
this, we need show for 1<k <n that

P(pa,)=0,if P(nd, | pa,) #0
and P(x |pa)=0

then P(Xk | ndk1 pak) = P(Xk | pak);
Where ND, is the set of nondescendents of X,
of in G. Since PA < ND, , we need only show
P(x,|nd,) = P(x, | pa,). First for a given k,
order the nodes so that all and only
nondescendents of X, precede X, in the

ordering. Note that this ordering depends on k,
whereas the ordering in the first part of the
proof does not. Clearly then

ND, = {Xl,XZ,....XH}

Let

Dy = {Xk+1vxk+2v----xn}
follows Zd

whenever

We define the m™ cyclotomic field to be the
field Q[x]/(®,(x)) Where @, (x) is the m"
cyclotomic polynomial. Q[x]/ (@, (x)) @, (X)
has degree ¢(m) over Q since @ (x) has
degree @(m). The roots of ®_(x) are just the
primitive m™ roots of unity, so the complex

embeddings of Q[x]/(®,,(x)) are simply the
@(m) maps
o :Q[x]/ (@, (x) - C,
1<k=<m,(k,m)=1 where

Oy (X)=§rﬁi
& being our fixed choice of primitive m™ root
of unity. Note that & e Q(&,) for every k; it
follows that Q(& ) =Q(&X) for all k relatively
prime to m. In particular, the images of the o,
coincide, so Q[x]/(®,(x))is Galois over Q.
This means that we can write Q(&,) for
Q[x]/ (@,,(x)) without much fear of ambiguity;

we will do so from now on, the identification
being &, — X.One advantage of this is that one

can easily talk about cyclotomic fields being
extensions of one another,or intersections or
compositums; all of these things take place
considering them as subfield of C. We now
investigate some basic properties of cyclotomic
fields. The first issue is whether or not they are
all distinct; to determine this, we need to know

which roots of unity lie in Q(&,) .Note, for

example, that if mis odd, then —£_ isa 2m" root
of unity. We will show that this is the only way

in which one can obtain any non- m" roots of
unity.

LEMMA 1.5 If mdividesn, then Q(&,) is
contained in Q(&,)

PROOF. Since 5%‘ =&, we have &, €Q(¢&,),
so the result is clear

LEMMA 1.6 If mand nare relatively prime,
then

Q6 $0)=Q (&)
and

Q&) NQ(5,)=Q
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(Recall the Q(&,,,&,) is the compositum of
Q(&,) and Q(S,) )

PROOF. One checks easily that & &, is a
primitive mn" root of unity, so that

Q&) = Q(&,,8,)

[Q(n. &) : Q] <[Q(&,):Q][Q(&, : Q]
=@(m)p(n) = p(mn);

Since [Q(&,,):Q]=e(mn); this implies that
Q(&m: £:)=Q(&m) We know that Q(&,,&,) has

degree @(mn) over Q, so we must have

[Q(6n: &) : Q&) ] = @(n)

and

[Q,.80) 1 Q&) ] = p(m)

[Q(4):Q(E,) N Q(E,)] = p(m)
And thus that Q(&.)NQ(&,) =Q

PROPOSITION 1.2 For any mand n

Q(ém’gn)=Q(§[m,n])

And

Q(&n) NQ(E,) =Q(Emn);

here [m,n]and (m,n)denote the least common

multiple and the greatest common divisor of m
and n, respectively.

PROOF.  Write m=p....p% and p"...p*
where the p; are distinct primes. (We allow
e, or f,to be zero)

Q&) =QE,.)Q0E,.)-QE, )
and

QE)=QE,)QE, .)-QE, )
Thus
Q& E)=Q(E ) QUE, QS ) QE, )

=Q(&,2)Q(E,)--QUE,)QAE, 1)
=QE i)+ QUE )

= QU
= Q(Smny )5

___plmx(ek‘fk) )

An entirely similar computation shows that

Q(Sn) N Q(5,) = QSmn)

Mutual information measures the information
transferred when X is sent and Y; is received,
and is defined as
X
PCy)
L bits @
P(x)

In a noise-free channel, each Y, is uniquely

I(x.,y,)=log,

connected to the corresponding X; , and so they
constitute an input —output pair (x,y;) for
which

P(Xi )=land I(xi,yj)zlogzﬁ bits; that
is, the transferred information is equal to the
self-information that corresponds to the input X
In a very noisy channel, the output y,and input

X, would be completely uncorrelated, and so

p(%):P(Xi) and also 1(x;,Yy;)=0; that is,
i

there is no transference of information. In
general, a given channel will operate between
these two extremes. The mutual information is
defined between the input and the output of a
given channel. An average of the calculation of
the mutual information for all input-output pairs
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of a given channel is the average mutual
information:

bits

P/
1(X,Y) :ZP(XU yj)l(xilyj) ZP(X,yJ)|ng|: P(x/);J
1] ij i

per symbol . This calculation is done over the
input and output alphabets. The average mutual
information. The following expressions are
useful for modifying the mutual information
expression:

P(x.3,) = PCY; )P(y,) =P )P(X)
P(y) =3P P(X)
P() =X PCY PY)

Then
I(X,Y):ZP(xi,yj)

=Y P(x,y,)log,
Z (%, Y,;)log {P( )}

—Z P(x;,y;)log, ﬁ

P(x.,y.)log,
Z (%, Y,;)log {P( )}

[P(/)P(y )}Iogz o0

ZP(X)Ing P(x )—H(X)

1(X,Y) = H(X)=H(*{)

Where H(/) > P,y log, ——— s
PN )

usually called the equivocation. In a sense, the
equivocation can be seen as the information lost
in the noisy channel, and is a function of the
backward  conditional  probability.  The

observation of an output symbol y; provides
H(X)-H(X() bits of information. This

difference is the mutual information of the
channel. Mutual Information: Properties Since

P4 0Py, = PC 1P ()

The mutual information fits the condition
1(X,Y)=1(Y,X)

And by interchanging input and output it is also
true that

1(X.Y)=HY)-H %)
Where

H(Y)= ZP(V)logz ( 3

This Iast entropy is usually called the noise
entropy. Thus, the information transferred
through the channel is the difference between
the output entropy and the noise entropy.
Alternatively, it can be said that the channel
mutual information is the difference between the
number of bits needed for determining a given
input symbol before knowing the corresponding
output symbol, and the number of bits needed
for determining a given input symbol after
knowing the corresponding output symbol

1(X,Y)=H(X)-H(XA)

As the channel mutual information expression is
a difference between two quantities, it seems
that this parameter can adopt negative values.
However, and is spite of the fact that for some
y;,H(X/y;) can be larger than H(X), this is
not possible for the average value calculated
over all the outputs:

P(% ) Ly
ZP(Xi,yj)logz z ( y) 0g, P()E);II’:’)(/J)/))
Then

P(x)P(y.
—|(X,Y)=ZP(Xi,y,~)M<
ij

P(x,y;)
Because this expression is of the form
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M

> Rlog,(1)<0

i=1
The above expression can be applied due to the
factor P(x;)P(y;), which is the product of two

probabilities, so that it behaves as the quantity
Q. , which in this expression is a dummy

variable that fits the condition ZiQi <1.Itcan

be concluded that the average mutual
information is a non-negative number. It can
also be equal to zero, when the input and the
output are independent of each other. A related
entropy called the joint entropy is defined as
H(X:Y):;P(Xi:yj)mgz P(Xi,yj)
P(x)P(y;)

:;P(Xilyj)IOQZ P(Xi,yj)

1
#2 PO Y108 e

Theorem 1.5: Entropies of the binary erasure
channel (BEC) The BEC is defined with an
alphabet of two inputs and three outputs, with
symbol probabilities.

P(x)=a and P(x,)=1-a, and
probabilities

P(%):l— p and P(%):O,

and P(*%)=0
1

transition

and P(ylx )=p
2

and P(y3 “ )=1-p
2

Lemma 1.7. Given an arbitrary restricted time-
discrete, amplitude-continuous channel whose

restrictions are determined by sets F and whose

density functions exhibit no dependence on the
state s, let n be a fixed positive integer, and
p(x) an arbitrary probability density function on

Euclidean n-space. p(y|x) for the density
P, (V- Vo | X,eX,) and F for F, For any

real number a, let

{(x y): log p()(/l)) } D

Then for each positive integeru, there is a code
(u,n, A) such that

A<ue™+P{(X,Y)g Al+P{X ¢ F} (2)
Where
P{X.Y)eA =] .[pOxy)dxdy,  p(xy)=p()p(y]X)

and

P XeF J J'p(x)dx
Proof: A sequence x® e F such that

P{YeA X =xP}>1-¢

where A ={y:(x,y)eA};
Choose the decoding set Bto be A . Having
chosen x,......,x*" and B,..,B,_, , select

x“ € F such that

k-1
P{Y eAw-{JBIX :x‘k)}21—g;

i=1
Set B, = A —Ui:lBi , If the process does not
terminate in a finite number of steps, then the
sequences  x® and  decoding  sets
B,i=12,..,u, form the desired code. Thus

assume that the process terminates after t steps.
(Conceivably t=0). We will show t>u by
showing that

e<te®+P{(X,Y)g Aj+P{X gF} . We
proceed as follows.
t (If t=0, take B=¢). Then

B={J B,
J=1J
[ p(xy)dxdy

(x,y)eA
Let
=[p0) [ p(y[x)dydx
X yeA,

= j p() | plylx)dydx+ j p(x)

yeBnA,

P{(X,Y)eAl=
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C. Algorithms

Ideals. Let A be aring. Recall that an ideal a
in A is a subset such that a is subgroup of A
regarded as a group under addition;
aca,reA=racA

The ideal generated by a subset S of A is the
intersection of all ideals A containing a ----- it is
easy to verify that this is in fact an ideal, and
that it consist of all finite sums of the form

Drs with reAs €S. When S ={s,,....s, }

, we shall write (s,.....,S,) for the ideal it

generates.
Let a and b be ideals in A. The set

{a+blaea,beb} is an ideal, denoted by

a+b. The ideal generated by {ab|aeca,beb}

is denoted by ab . Note that ab = anb . Clearly
ab consists of all finite sums > ab. with

aca and beb, and if a=(a,..,a,) and

b=(b,...,b,) , then ab=(ab,..,ab,..,ab,)
.Let a be an ideal of A. The set of cosets of a
in A forms a ring A/a, and ar~>a+a is a
homomorphism ¢:Ar—>A/a . The map
b—¢'(b) is a one to one correspondence
between the ideals of A/a and the ideals of A
containing a An ideal p if prime if p=A and
abep=aeporbep. Thus p is prime if
and only if A/p is nonzero and has the
property that ab=0, b=#0=a=0, e,
A/ pis an integral domain. An ideal m is
maximal if m# A and there does not exist an

ideal n contained strictly between m and A.
Thus mis maximal if and only if A/m has no
proper nonzero ideals, and so is a field. Note
that m maximal = m prime. The ideals of
AxB are all of the form axb, with a and b
ideals in A and B. To see this, note that if ¢ is
an ideal in AxB and (a,b)ec , then

(a,0)=(a,b)(L0) ec and (0,b)=(a,b)(0,1) ec..
This shows that ¢ =axb with
a={a|(a,b)ec some beb}

and
b={b|(a,b)ec some aca}

Let A be a ring. An A -algebra is a ring B
together with a homomorphism i;: A—>B. A
homomorphism of A -algebra B—>C is a
homomorphism of rings ¢:B —C such that
p(i;(a))=i.(a) for all aec A. An A-algebra
Bis said to be finitely generated ( or of finite-
type over A) if there exist elements X,...,X, €B
such that every element of B can be expressed
as a polynomial in the x; with coefficients in
i(A) , ie., such that the homomorphism

A[X,,...X,]>B sending X, to X is

surjective. A ring homomorphism A— B is
finite, and B is finitely generated as an A-
module. Let k be a field, and let Abe a k -
algebra. If 10 in A, then the map k —> A is
injective, we can identify k with its image, i.e.,
we can regard k as a subring of A . If 1=0 in a
ring R, the R is the zero ring, ie., R={0}.
Polynomial rings. Let k be a field. A
monomial in X,,..., X, is an expression of the

form X2.X™,

of the monomial is Y a .

n

a;eN . The total degree
We sometimes
abbreviate it by X“, a«=(a,..,a,)el]" The

elements of the polynomial ring k[X,,...,X, ]
are finite sums
Y W X XE ek, el

With the obvious notions of equality, addition
and multiplication. Thus the monomials from

basis for k[X,,..., X,] asa k -vector space. The
ring k[ X,,...,X,]is an integral domain, and the
only units in it are the nonzero constant
polynomials. A polynomial f(X,,...,X,) is

irreducible if it is nonconstant and has only the
obvious factorizations, i.e., f =gh= g or h is

constant. Division in k[X] . The division
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algorithm allows us to divide a nonzero
polynomial into another: let f and g be

polynomials in k[X] with g=0; then there

exist unique polynomials g,r e k[X ] such that

f =qg +r with either r=0 or degr < degg.

Moreover, there is an algorithm for deciding
whether f (g) , namely, find r and check

whether it is zero. Moreover, the Euclidean
algorithm allows to pass from finite set of

generators for an ideal in k[X]to a single

generator by successively replacing each pair of
generators with their greatest common divisor.

(Pure) lexicographic ordering (lex). Here
monomials are ordered by
lexicographic(dictionary) order. More precisely,

let a=(a,..a,) and S=(b,.b,) be two

elements of 0"; then a>p and X*> X’

(lexicographic ordering) if, in the vector
difference o—p l]l , the left most nonzero
entry is positive. For example,

XY?2>Y3z*% X%?Z*>X%?Z . Note that
this isn’t quite how the dictionary would order
them: it would put XXXYYZZZZ after XXXYYZ
. Graded reverse lexicographic order (grevlex).
Here monomials are ordered by total degree,
with ties broken by reverse lexicographic

ordering. Thus, a>pg if Y a>>h , or
da=>b and in a-p the right most
nonzero entry is negative. For example:

XHY*Z" > X*Y°Z* (total degree greater)
XY°Z%>X*YZ®% X°YZ> X4YZZI

Orderings on k[X,,..X,] . Fix an ordering on
the monomials in k[X,,..X,]. Then we can

write an element f of k[X,..X,] in a

canonical fashion, by re-ordering its elements in
decreasing order. For example, we would write
f =4XY?Z +4Z% -5X°+7X?Z?

as

f = BX3+7X2Z2 +4XY?Z +42% (lex)

or

f =4XY?Z +7X?Z? -5X°+4Z% (grevlex)
Let > a,X*ek[X,..X,] ., in decreasing
order:

_ a a
f=a, X+, X%+.., oy >a>.., o, #0

Then we define.

to be multdeg( f )= o
f

e  The multidegree of f

to be LC( f >=4a, ;
f

e The leading coefficient of

e The leading monomial of to be LM( f ) =
X%,

e The leading term of

ftobeLT( f )= 3, X®

For the polynomial f =4XY?*Z+..., the
multidegree is (1,2,1), the leading coefficient is
4, the leading monomial is XY®Z , and the
leading term is  4XY?Z . The division
algorithm in k[X,,..X,] . Fix a monomial
ordering in O *. Suppose given a polynomial f
and an ordered set (9,,...0;) of polynomials; the
division algorithm then constructs polynomials
a,,..8, and r such that f =a,g,+...+a,0,+r
Where either r=0 or no monomial in r is
divisible by any of LT(g,),...,LT(g,) Step 1:
If LT(g,)|LT(f), divide g, into f to get
LT(f) .
LT(9,)

If LT(g,)|LT(h) , repeat the process until
f=a0,+f (different a ) with LT(f,) not
divisible by LT(g,). Now divide g, into f,,
and so on, until f=a0,+..+a0,+r With
LT(r,) not divisible by any LT(g,),..LT(g,)
Step 2: Rewrite 1, =LT(r))+,, and repeat Step
1 with r, for f :
f=a0,+..+a,0,+LT(r)+r, (different a's

f=ag,+h a-= K[X0 X, ]
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) Monomial ideals. In general, an ideal a will
contain a polynomial without containing the
individual terms of the polynomial; for example,

the ideal a=(Y*~-X?®) contains Y? - X ®but not
Y?or X°.

DEFINITION 1.5. An ideal a is monomial if
D X“ea=X“ea

all @ with ¢, #0.

PROPOSITION 1.3. Let a be a monomial ideal,
and let A={a|X“ea}. Then A satisfies the
condition aeA fel"=a+pfe (*)
And a is the k -subspace of k[X,,..,X,]
generated by the X“,a € A. Conversely, of A
is a subset of 0" satisfying (*), then the k-
a of k[X,

{X“|a A} is a monomial ideal.

subspace ,..,Xn] generated by

PROOF. It is clear from its definition that a
monomial ideal a is the k -subspace of

K[ Xy X, ]
generated by the set of monomials it contains. If
X“ea o X ek[Xy X,]

If a permutation is chosen uniformly and at
random from the n! possible permutations in

S, then the counts C!™ of cycles of length j

are dependent random variables. The joint
distribution of C®™ =(C™,..,C") follows
from Cauchy’s formula, and is given by

P[C™ =] :%N(n,c) :l{i ic; = n}ﬁ(]j)cl &,

n
forcell’.

o Where the Z are

Lemmal.7 For nonnegative integers

E{ﬁ(cﬁn))[m;]]:{ﬁ(ﬂ i]l{zn:jmj sn} .4

Proof.  This can be established directly by
exploiting  cancellation of the form
c/"'/ci =1/(c,~m;)! when c;>m,, which

occurs between the ingredients in Cauchy’s
formula and the falling factorials in the

moments. Write m:ijj . Then, with the
first sum indexed by c=(c,..c,)el" and the
last sum indexed by d =(d,,...,d,) ] via the
correspondence d; =c; —m;, we have

E[ﬁ (an))[m,]J :Z P[C(n) _ C] ﬁ(cj)[m,]
n n [m;]
1{2 ic; = n}H(?i)

a7l

>

cejzm; forall j

SIESR TR e

= a i (d))!

This last sum simplifies to the indicator
1(m<n), corresponding to the fact that if
n-m>0, then d;=0 for j>n-m, and a
random permutation in S, must have some
cycle structure (d,,...,d, .). The moments of
C™ follow immediately as

E(CM)M =j"1{jr<n} (1.2)

We note for future reference that (1.4) can also
be written in the form

o e, o

Poisson-
satisfy

independent

distribution random variables that

E(Z,)=1/]

The marginal distribution of cycle counts
provides a formula for the joint distribution of

the cycle counts C?, we find the distribution of
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C! using a combinatorial approach combined
with the inclusion-exclusion formula.

Lemma 1.8. For 1< j<n,
7k [n/jl-k
P[Cj”):k]_ _ zo -1’ J“ .1
Proof. Con5|der the set | of all possible
cycles of length j, formed with elements

chosen from {1,2,..n}, so that |I|=n""". For

each ael, consider the “property” G, of

having «; that is, G, is the set of permutations
e, such that « is one of the cycles of 7.
We then have |G,|=(n- j)!,since the elements

of {1L2,..,n} not in o must be permuted

among themselves. To wuse the inclusion-
exclusion formula we need to calculate the term
S,, which is the sum of the probabilities of the
r -fold intersection of properties, summing over
all sets of r distinct properties. There are two
cases to consider. If the r properties are indexed
by r cycles having no elements in common,
then the intersection specifies how rj elements
are moved by the permutation, and there are
(n=r)H'(rj <n) permutations in  the
intersection. There are n™/(jr!) such
intersections. For the other case, some two
distinct properties name some element in
common, so no permutation can have both these
properties, and the r -fold intersection is empty.
Thus

S, =(n—rM(rj <n)

(il
S irjeny -t

j'rin! jr!
Finally, the inclusion-exclusion series for the
number of permutations having exactly k
properties is

>y (k”j

Which simplifies to (1.1) Returning to the
original hat-check problem, we substitute j=1 in

(1.1) to obtain the distribution of the number of
fixed points of a random permutation. For
k=0,1...,n,

PIC” =Kl =205 (1) (12)

and the moments of C" follow from (1.2) with
j=1. In particular, for n>2, the mean and
variance of C™ are both equal to 1. The joint
distribution of (C™,..,C{") for any 1<b<n

has an expression similar to (1.7); this too can
be derived by inclusion-exclusion. For any

c=(C,...G,) €0° with m=>ic;,

P[(Cl(”),...,Cém) =]

06 &z ol e
>ili<n-m

The joint moments of the first b counts
C,...,C" can be obtained directly from (1.2)

and (1.3) by setting m,,, =...=m, =0

The limit distribution of cycle counts

It follows immediately from Lemma 1.2 that for

each fixed i, as n— oo,
ik

PIC{” =K] > -6, k=012...

So that C{" converges in distribution to a
random variable Z, Poisson
distribution with mean 1/ j; we use the notation
C" —,Z, where Z,0P(1/]j) to describe

having a

this. Infact, the limit random variables are
independent.
Theorem 1.6  The process of cycle counts

converges in distribution to a Poisson process of
0 with intensity j™. That is, as n — oo,
Ccm.ch,.) >, (2,,2,,..) (1.1)
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Where
Poisson-distributed

E(Z,)=+
J

the Z,,j=12,.., are independent
random variables with

Proof. To establish the converges in
distribution one shows that for each fixed b>1,
as n — oo,

P[(C,...,.C")=c] - P[(Z,,....Z,) =¢]

Error rates

The proof of Theorem says nothing about the
rate of convergence. Elementary analysis can be
used to estimate this rate when b=1. Using
properties of alternating series with decreasing
terms, for k =0,1,...,n,

1 1 1 ™ _ L 1_pr7 —
k!((n—k+1)! (n—|<+2)!)S‘P[Cl =kl P[Zl_k]‘
< 1

ki(n—k +1)!

It follows that

(n2r1)|n22 Z‘P[Cm K]— P[Z_k]‘< 1)l| @11)

Since

P[Z,>n]= e’ 1+ LI L +..)< ,
(+D!" n+2 (n+2)(n+3) (n+1)!

We see from (1.11) that the total variation
distance between the distribution L(C") of

C™ and the distribution L(Z,) of Z,

Establish the asymptotics of P| A (C™) ] under
conditions (A,) and (B,,), where

Aﬂ(c(n))_ n n {C(n)_ }

1<i<n r+1<j<r
and ¢ =(r/r,)-1=03") as i—o, for
some g >0. We start with the expression

iy1 - Pon(Z) =1]
o] c™y1= om
AE e, @)=
I1 {1—%(1+Ei0)} (1.2)
P[TOn(Z‘):n]

= @exp {Z [logL+i~0d)—i 19d]}

f1+o7g,,, (M)} @2
and

P[T,, (Z) =n]
od { =] i1 }
== -exp > llog@+iod)—iod]

{1+ o(ne,,, (n))} (1.3)
Where (/)127 (n) refers to the quantity derived

from Z . It thus follows that
P[A (C™)]0 Kn™®®™% for a constant K ,

depending on Z and the r, and computable
explicitly from (1.1) — (1.3), if Conditions (A,)
and (B,,) are satisfied and if 7 =0O(i®) from
some g >0, since, under these circumstances,
both n™ (/)127 (n) and n- (/)127 (n) tend to zero

as n—oo. In particular, for polynomials and
square free polynomials, the relative error in

this asymptotic approximation is of order n™* if
g >1.

For 0<b<n/8 and n=n,, with n,

dr, (L(C[1,b]), L(Z[1,b]))

<d (L(CL:[l, b]), L(f[l, b]))

<é&;5(nb),

Where &y (n b)=0(b/n) under Conditions
(Ab),(Dl) and (B,;) Since, by the Conditioning
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Relation,

L(CILb]| T,y (C) = 1) = LZIL b T,y (2) =),
It follows by direct calculation that

dry (L(CIL]), L(Z[L b))

= dTV (L(TOb (C)) L(Tob (Z )))

=max Y P[Ty, (Z) = 1]

{l_ I:>[Tbn (Z) =Nn- r]} (14)

I:>[T0n (Z) = n]
Suppressing the argument Z from now on, we
thus obtain

d., (L(CILb]), L(Z[Lb]))
= P[Ty, = r]{l P[T. =n] }+

r=0

[n/2] P[T — r]
<S P[T, =r]+ Y Lo =]
rg;z % rZ:(; P[TOb = n]

X{i I:)I.—I-Ob = S:I(F)I.—I-bn =N _S] - PI.-rbn =n- r]}

[n/2]

< Z P[T,, —I’]+Z P[Ty, =]

r>n/2
wa _S{Prrbn—n—s]—Prrbn=n—r]}
I:)I.-I-On = n]

XZ P[Ty, =51

[n/2]

+Z P[T, =11 > P[T =sIP[T,, =n—s]/P[T, =n]

s=[n/2]+1
The first sum is at most 2n~*ET,,; the third is
bound by
(r;;ax P[T, = 1)/ P[Ty, =n]
((n/2,b)  3p

n 6P,[0,1]°
3N 42 (n)[nf P[T, _r]f PIT,, =s1= \r g
epg[o,l] o ® ®
<12¢{Zo,g}(n) ETy,

0R,[0,1] n

10 5(1))

Hence we may take

6,106 (M)
nb)=2n"ET, (2)I1+—=3""lp
8{7,7}( ) o ( ){ oP,[0.1]
6
+mg{1o.s(n}(n/2,b) @.5)
0 L]

Required order under Conditions (A)),(D,) and
(By), if S(w)<oo. If not, ¢y, (n) can be

{108

replaced by ¢p,,, (n)in the above, which has
the required order, without the restriction on the
. implied by S(«)<oo . Examining the

(A), (D)) and (B,,), it is perhaps
surprising to find that (By,) is required instead
of just (B,,); that is, that we should need
D .,ler=0(@") to hold for some a, >1. A

first observation is that a similar problem arises
with the rate of decay of ¢, as well. For this

Conditions

reason, n, is replaced by hl. This makes it
possible to replace condition (A) by the
weaker pair of conditions (A,)and (D)) in the
eventual assumptions needed for ¢, (n,b) to
be of order O(b/n); the decay rate requirement

of order i is shifted from g, itself to its first

difference. This is needed to obtain the right
approximation error for the random mappings
example. However, since all the classical
applications make far more  stringent

assumptions about the ¢,,1>2, than are made

in (B,,). The critical point of the proof is seen
where the initial estimate of the difference
P[T™ =s]-P[T{™ =s+1] . The factor

€110 (M), Which should be small, contains a far

tail element from n1 of the form ¢’ (n) +u, (n),
which is only small if a, >1, being otherwise of
order O(n"**’) for any § >0, since a, >1 is in
any case assumed. For s>n/2, this gives rise
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to a contribution of order O(N™"*) in the
estimate of the difference
P[T,, =s]-P[T,, =s+1], which, in the
remainder of the proof, is translated into a
contribution of order O(tn™""**’) for differences
of the form P[T,,=s]-P[T,,=s+1], finally
leading to a contribution of order bn™**° for any
§>0in &,,(n,b). Some improvement would
seem to be possible, defining the function g by
gw) =1, -1,.., differences that are of

the form P[T,, =s]-P[T,,=s+t] can be
directly estimated, at a cost of only a single
contribution of the form ¢’(n)+u; (n). Then,

iterating the cycle, in which one estimate of a
difference in point probabilities is improved to
an estimate of smaller order, a bound of the
form

|P[T,, =s]-P[T,, =s+t] =0(n’t+n""**) for
any & >0 could perhaps be attained, leading to
a final error estimate in order O(bn™ +n ")
for any 6 >0, to replace &, (n,b). This would
be of the ideal order O(b/n) for large enough
b, but would still be coarser for small b.

With b and n as in the previous section, we
wish to show that

d., (L(C[L,b]), L(Z[1,b])) —%(n +1)7 ‘1— 0‘ E ‘TOb - ETOb‘

<&, (n.b),

Where &, (n,b)= o(nb[nb+n**]) for
any &>0 under Conditions (A),(D,) and

(B,), with B, . The proof uses sharper
estimates. As before, we begin with the formula

d., (L(CILb]), L(Z[Lb])
D

- POwm=n=r]| _K¥PIT, =r]
Z P[Tob =] {1 }+ ; P[T()n =n]

Now we observe that

r>0 I:>[TOn = n]

n

Z P[Ty, = sI(P[T,, =n—s]-P[T,, =n-r])

s=[n/2]+1
<4n~ETg, +( Max P[To, = 1)/ P[To, =n]
+P[Ty, >n/ 2]

X

n/2b
38n‘2ET02b “postay ), (1.2)
0P9[0,1]
We have
[nlz] PI.TOb = r]
| Z I:)I.—I—On = n]
r=0

{Z 0b — S](Prrbn =n- S] Prrbn =n- ]}

{ P[T,y = ]men—nl} ) |

W; P[To, = r]g(; P[Ty, =s][s—r]|

{ o1 (WD) +2(r v s)L—0]n (K, e+4¢108(n)}}

<6
OnP,[0,1]

+4[1-6|n?ETg {K00+4¢{§o.8}(”)}

3
HnPg[O,l]) f

0b8 10.14) (n,b)

( 1.2)

The approximation in (1.2) is further simplified
by noting that

[n/2] [n/2] (S _ r)(l— 0)
P[T,, =r P[Ty =S]—————F-
e, =113 e, -1 &= E0 |
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_ (s=n@1-0)
—{;Prr%-sl—ml } |

<o, =n1 ¥, P, =00

s>[n/2] 1
<[L- 6N E(T,1{T,, >n/2}) <2[1-6|n2ETZ, @.3)

and then by observing that
> P[Tb—r]{ZPrrb— {=DE=0) 9)}

r>[n/2] $>0

<N 1-6|(ETy,P[Ty, > n/ 2]+ E(Ty,1{Ty, >0/ 2}))
<4[1-6|n°ET (1.4)

Combining the contributions of (1.2) —(1.3), we
thus find tha

| dy, (L(CILbI), L(Z[L, b))

ey zprrOb—r]{zPrrOb—s]<s - e>} |

r>0 >0

<&, (n.b)

3

- m{ems(z)} (n/2,b) + 20 E Ty, (0,0)}
oLV

24[1—
+2n2ETE {4+ 31— 6]+ ————o9 7
0P,[0,1]

The quantity & (n b) is seen to be of the order

claimed under Condltlons (A), (D) and (B,),
provided that S(o)<oo; this supplementary
condition can be removed if ¢4 (n) is
replaced by ¢, (n)  in the definition of
£, (n,b), has the required order without the

restriction on the r, implied by assuming that
S(x) <oo. Finally, a direct calculation now
shows that

z PI.Tob - I’] {Z PI.Tob - S](S - r)(l 9)}

r>0 s>0

=§|1—9| E|To, — ETos|

(1.5)

Example  1.0. Consider  the  point
0=(0,..,0)el]". For an arbitrary vector r, the

coordinates of the point x =0 +r are equal to
the respective coordinates of the vector
r:x=(x",..x") and r=(x',...,x"). The vector r
such as in the example is called the position
vector or the radius vector of the point x . (Or,
in greater detail: r is the radius-vector of x
w.rt an origin O). Points are frequently
specified by their radius-vectors. This
presupposes the choice of O as the “standard
origin”. Let us summarize. We have
considered " and interpreted its elements in
two ways: as points and as vectors. Hence we
may say that we leading with the two copies of
0": 0"={points}, 0O "={vectors}

Operations with vectors: multiplication by a
number, addition. Operations with points and
vectors: adding a vector to a point (giving a
point), subtracting two points (giving a vector).
0" treated in this way is called an n-
dimensional affine space. (An “abstract” affine
space is a pair of sets , the set of points and the
set of vectors so that the operations as above are
defined axiomatically). Notice that vectors in an
affine space are also known as “free vectors”.
Intuitively, they are not fixed at points and
“float freely” in space. From (1 " considered as
an affine space we can precede in two opposite
directions: [ " as an Euclidean space « [1"as

an affine space = [l "as a manifold.Going to
the left means introducing some extra structure
which will make the geometry richer. Going to
the right means forgetting about part of the
affine structure; going further in this direction
will lead us to the so-called *“smooth (or
differentiable) manifolds”. The theory of
differential forms does not require any extra
geometry. So our natural direction is to the
right. The Euclidean structure, however, is
useful for examples and applications. So let us
say a few words about it:
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Remark 1.0. Euclidean geometry. In 0"
considered as an affine space we can already do
a good deal of geometry. For example, we can
consider lines and planes, and quadric surfaces
like an ellipsoid. However, we cannot discuss
such things as “lengths”, “angles” or “areas”
and “volumes”. To be able to do so, we have to
introduce some more definitions, making [1 "a
Euclidean space. Namely, we define the length

ofa vector a=(a',...,a") to be

la]:=/(a")% +...+(a")? (1)
After that we can also define distances between
points as follows:

d(A,B) :=\E\ 2)

One can check that the distance so defined
possesses natural properties that we expect: is it
always non-negative and equals zero only for
coinciding points; the distance from A to B is
the same as that from B to A (symmetry); also,
for three points, A, B and C, we have
d(A,B)<d(A,C)+d(C,B) (the  “triangle
inequality”). To define angles, we first introduce
the scalar product of two vectors

(a,b)=a'b' +...+a"b" (3
Thus |a|=4/(a,a) . The scalar product is also

denote by dot: ab=(a,b), and hence is often
referred to as the “dot product” . Now, for
nonzero vectors, we define the angle between
them by the equality

(a,b)
T (4)
e

The angle itself is defined up to an
integral multiple of 2z . For this definition to
be consistent we have to ensure that the r.h.s. of
(4) does not exceed 1 by the absolute value.
This follows from the inequality

(a,b)? <l|a[’|b[ (5)
known as the Cauchy-Bunyakovsky—Schwarz
inequality (various combinations of these three

names are applied in different books). One of
the ways of proving (5) is to consider the scalar

CoOSa =

square of the linear combination a+th, where
teR. As (a+th,a+tb)>0 is a quadratic

polynomial in t which is never negative, its
discriminant must be less or equal zero. Writing
this explicitly yields (5). The triangle inequality
for distances also follows from the inequality

(5).

Example 1.1.  Consider the function f(x)=x'

(the i-th coordinate). The linear function dx'
(the differential of x' ) applied to an arbitrary

vector h is simply h' .From these examples
follows that we can rewrite df as
df =a—f1dx1+...+idx”, @
OX ox"

which is the standard form. Once again: the
partial derivatives in (1) are just the coefficients
(depending on x ); dx',dx?,.. are linear
functions giving on an arbitrary vector h its

coordinates h',h?,..., respectively. Hence

of
df (x)(h) =0,y =—h"+
(x)(h) UCRPW
of
+—h", (2
v (2)

Theorem 1.7. Suppose we have a
parametrized curve tr X(t) passing through

X, €" at t=t, and with the velocity vector
X(t,) =v Then

W(to) =0, f(x,) =df (x,)(v) @

Proof. Indeed, consider a small increment of
the parameter t:t, +—>t, +At, Where At 0.
On the other hand, we have
f (%, +h) = f(x,) =df (x,)(h)+ B(h)|h| for an
arbitrary vectorh, where g(h) -0 whenh—0

. Combining it together, for the increment of
f (x(t)) we obtain
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f(X(t, +At) — T (X,)

= df (x,)(v.At + a(At)At)

+B(v.At + a(At)AL).[LAL + a (At At
= df (x,)(v).At + y (At) At

For a certain y(At) such that y(At) — 0 when

At — 0 (we used the linearity of df (x,)). By
the definition, this means that the derivative of
f(x(t)) at t=t, is exactly df (x,)(v) . The
statement of the theorem can be expressed by a
simple formula:

df (x(t)) _ of of

=— x4 =X 2
dt oxt ox" )

To calculate the value Of df at a point x, on a
given vector v one can take an arbitrary curve
passing Through X, at t, with v as the velocity

vector at t,and calculate the usual derivative of
f(x(t)) at t=t,.

Theorem 1.8. For functions f,g:U -0 ,
Ucho”,
d(f+g)=df +dg @
d(fg)=df.g+ f.dg (2)

Proof. Consider an arbitrary point X, and an
arbitrary vector v stretching from it. Let a curve
X(t) be such that x(t,) =x, and x(t,)=v.

Hence d(f +g)(x))(v) = %( F(x(1)) + g(x(t))

at t=t, and

d(fg)(x)(v) Z%(f (x(®)g(x(1))

at t=t; Formulae (1) and (2) then immediately

follow from the corresponding formulae for the
usual derivative Now, almost without change
the theory generalizes to functions taking values
in 0™ instead of [J . The only difference is that

now the differential of a map F:U —[ ™" at a

point X will be a linear function taking vectors
in 0" to vectors in [ " (instead of [J ) . For an
arbitrary vector h €[] ",

F(x+h)=F(x)+dF(x)(h)

+B(h)h ©)
Where p(h) >0 when h—0. We have
dF = (dF*,...,dF™) and

sza—Fldx1+...+a—Fndxn
OX OX
oF'  oF*
S |
o (4)
OF™ oF™ | dx"
oxt T ox"

In this matrix notation we have to write vectors
as vector-columns.

Theorem 1.9. For an arbitrary parametrized
curve x(t) in 0", the differential of a  map

F:U—0O" (where UcO") maps the velocity
vector X(t) to the velocity vector of the curve

F(x(t)) inO™:

deth“” = dF (x()(X(1)) B

Proof. By the definition of the velocity vector,
X(t + At) = X(t) + X(t).At + a (At) At (2)

Where «a(At) >0 when At—0 .
definition of the differential,
F(x+h)= F(x)+dF(x)(h)+,B(h)|h (3)|
Where fB(h) —0 when h — 0. we obtain

By the
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F(X(t +At)) = F(x+ X(t).At + 2 (At)At)

h

= F () + dF () (X()) At + cz(At) AL) +

B(X(E)At + o (At)AL).[X(t) At + (At)At‘

= F(x) + dF (x)(x(t) At + 7 (At) At

For some y(At)—>0 when At—0 . This

precisely means that dF (x) x(t) is the velocity
vector of F(x). As every vector attached to a

point can be viewed as the velocity vector of
some curve passing through this point, this
theorem gives a clear geometric picture of dF
as a linear map on vectors.

Theorem 1.10 Suppose we have two maps
F:U->V and G:V->W, where
UclO"VclO™WcOP (open domains). Let
F:X>y=F(X). Then the differential of the

composite  map GoF:U -W is the
composition of the differentials of F and G:
d(GoF)(x) =dG(y)odF (x) (4)

Proof. = We can use the description of the
differential .Consider a curve x(t) in 0" with

the velocity vector x . Basically, we need to
know to which vector in [ it is taken by
d(GoF). the curve (GoF)(x(t) =G(F(x(t)). By
the same theorem, it equals the image under dG
of the Anycast Flow vector to the curve F(x(t))

in 0™. Applying the theorem once again, we
see that the velocity vector to the curve F(x(t))

is the image under dF of the vector x(t). Hence
d(GoF)(X) = dG(dF(X)) for an arbitrary vector

X .

Corollary 1.0. If we denote coordinates in [J "
by (x',...,x") and in 0™ by (y'..,y"), and
write

dF :a—Fldx1+...+a—Fdx” )]
OX ox"
oG oG

dG =—dy' +...+ —dy", (2)
oy’ oy

Then the chain rule can be expressed as follows:
d(GoF):a—GldFl+...+§dFm, (3)
oy

m

Where dF' are taken from (1). In other words,
to get d(GoF) we have to substitute into (2) the

expression for dy' =dF' from (3). This can also
be expressed by the following matrix formula:

oyt oy | ot x| dx
dGOF)=| v e | e ()

i.e., If dG and dF are expressed by matrices of
partial derivatives, then d(GoF) is expressed

by the product of these matrices. This is often
written as

621 821 621 821
ot Taxh | | oyt oy"

oz® oz° oz?  oz°
P ooy

oy oy

oxt T ox"

e e , (5)

oy" oy"

oxt " ox"
Or
ozt & 674 oy

a = i ya’ (6)
OX o 0y OX
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Where it is assumed that the dependence of
yell™ on xel" is given by the map F, the
dependence of zelJ® on yell™ is given by
the map G, and the dependence of zell”on
x €[] "is given by the composition GoF .

Definition 1.6. Consider an open domain
U clO". Consider also another copy of 0",
denoted for distinction [ @ with the standard
coordinates (y'...y"). A system of coordinates
in the open domain U is given by a map

F:V —>U, where Vcl} is an open domain

of [J @ such that the following three conditions
are satisfied :

(1) F issmooth;

(2) F isinvertible;

@) F':U >V isalso smooth

The coordinates of a point xeU in this system
are the standard coordinates of F™(x) e[l ]

In other words,

Fi(yh., y) = x=x(Y..,y") ()]
Here the variables (Yy'..y") are the “new”
coordinates of the point x

Example 1.2 Consider a curve in 02
specified in polar coordinates as

X :r=r(t),o=0(t) @

We can simply use the chain rule. The map
t — X(t) can be considered as the composition
of the maps t(r(t),o(t)),(r,)— x(r,p) .
Then, by the chain rule, we have

- dx oxdr oxdep ox: OXx -
X=—=——t— - =—[+—

=2 (2)
dt ordt op dt or O

Here r and (p are scalar coefficients depending
on t , whence the partial derivatives

oX/ OX i it i
ér’ A(P are vectors depending on point in

2. We can compare this with the formula in

the “standard” coordinates: x=e x+e,y
i X/ OX ici
Consider the vectors ér’ / . Explicitly

op
we have
X _ (cos,sin @) 3
or
OX .
——= =(-rsing,rcosy) (4)
op

From where it follows that these vectors make a
basis at all points except for the origin (where
r=0). It is instructive to sketch a picture,
drawing vectors corresponding to a point as
starting from that point. Notice that

X/ OX i i
ér’ A(P are, respectively, the velocity

vectors  for the curves rx(r,p)
(p=g, fixed) and @ x(r,p) (r =r, fixed) .

We can conclude that for an arbitrary curve
given in polar coordinates the velocity vector

will have components (r,) if as a basis we
— OX, — OX/ -
take e, = or 8 = A(P'

X=6 r+e, ¢ (5)
A characteristic feature of the basis e e, is that
it is not “constant” but depends on point.

Vectors “stuck to points” when we consider
curvilinear coordinates.

Proposition 1.3. The velocity vector has the
same appearance in all coordinate systems.
Proof. Follows directly from the chain rule

and the transformation law for the basis € .In

particular, the elements of the basis e, = a%x‘
(originally, a formal notation) can be understood
directly as the velocity vectors of the coordinate
lines x' = x(x',..,x") (all coordinates but X'
are fixed). Since we now know how to handle
velocities in arbitrary coordinates, the best way

to treat the differential ofamap F:0" —>0" is
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by its action on the velocity vectors. By
definition, we set

dF (x,): dff) (t,) > Wco) o

Now dF(X,) is a linear map that takes vectors
attached to a point x, ] " to vectors attached
to the point F(x) el "™

oF oF

dF = —dx" +..+—dx"
OX OX
oF'  oF!
ot et | dx
(RS | I e | (2)
OF™ oF™ |(dx"
oxt T ox"

In particular, for the differential of a function
we always have

df :a—fldx1+...+a—fndx”, (3)

OX OX

Where X' are arbitrary coordinates. The form of
the differential does not change when we
perform a change of coordinates.

Example 1.3 Consider a 1-form in 02 given
in the standard coordinates:

A=-ydx+xdy In the polar coordinates we
will have Xx=rcose,y=rsing, hence

dx =cosedr —rsinpde

dy =sin@dr +rcospde

Substituting into A, we get

A=-rsing(cosedr —rsinpde)

+r cos@(Sin dr + r cos pd )

=r?(sin® ¢ +cos’ p)do =r’de

Hence A=r’de is the formula for A in the

polar coordinates. In particular, we see that this
is again a 1-form, a linear combination of the
differentials of coordinates with functions as
coefficients. Secondly, in a more conceptual
way, we can define a 1-form in a domain U as

a linear function on vectors at every point of U :

o) =o' +...+ o 0", @)

If o= ev', where .:ay .. Recall that the
v=) ev e -

differentials of functions were defined as linear
functions on vectors (at every point), and

dx' (e,) = A (a—x.j:s! (2) at every
ox! !

point X.

Theorem 1.9. For arbitrary 1-form « and

path y, the integral j ® does not change if we
4
change parametrization of y provide the

orientation remains the same.

Proof:  Consider <w(x(t)),%> and

<a)(x(t(t'))),%> As

<w(x(t(t‘))),%>=‘<w(x(t(t‘))),%>.%,

Let p be a rational prime and let K =0 (£)).
We write ¢ for £ or this section. Recall that
K has degree ¢(p)= p—1 over [J. We wish to
show that O, =0 [£]. Note that ¢ is a root of

xP -1, and thus is an algebraic integer; since
O is a ring we have that U [¢ ] < O, . We give
a proof without assuming unique factorization
of ideals. We begin with some norm and trace
computations. Let j be an integer. If jis not
divisible by p, then ¢’ is a primitive p™ root
of wunity, and thus its conjugates are
&,8%,.., ¢ Therefore

Trep (4/])=é/+§2 +...+é’p’l :q)p(é’)_lz_l

ISSN: 2249-2615

http://www.ijpttjournal.org

Page 86


lalitha
Text Box
International Journal of P2P Network Trends and Technology (IJPTT) - Volume 2 Issue 6 November to December 2012


lalitha
Text Box
ISSN: 2249-2615                                    http://www.ijpttjournal.org                                     Page 86


International Journal of P2P Network Trends and Technology (IJPTT) - Volume 2 Issue 6 November to December 2012

If p does divide j, then £' =1 so it has only
the one conjugate 1, and Tr, ({')=p-1By
linearity of the trace, we find that
Tre 1-2) =T (1_42) =
=Tr,. 1-¢")=p
We also need to compute the norm of 1-¢ . For
this, we use the factorization

XPLexP? 4 +1=0 (%)

= (Xx={)(x=¢*)-.(x=¢"7);
Plugging in x =1 shows that
p=01-)A-¢*)..2-¢")
Since the (1-¢') are the conjugates of (1-¢),
this shows that N,,, (1-&)=p The key result
for determining the ring of integers O, is the
following.

LEMMA 1.9
(L-£)O MO = pC
Proof. We saw above that p is a multiple of

1-9) in O, so the inclusion
(1-£)O0 N o pd is immediate.  Suppose
now that the inclusion s strict. Since

(1-£)O, Nl is an ideal of [1 containing p
and pl is a maximal ideal of [ , we must have

1-¢£)O, N =0 Thus we can write
1=a(l-¢)

For some a €O,. Thatis, 1-¢ isaunitin O,.

COROLLARY 11 For any aeO,,

Tre, (@-&)a) e po

PROOF.  We have

T, (-8a)=0,(1-a) +..+0,,(1-E)a)
=0,(1-8)oy (@) +...+0,,(1-8)o,,(a)
=(1-Q)oy(a)+..+1-¢ "o, (@)

Where the o, are the complex embeddings of

K (which we are really viewing as
automorphisms of K) with the usual ordering.

Furthermore, 1- ¢ is a multiple of 1-¢ in O,
for every j=0. Thus
Tr, (@(1-4))e(@-2)O, Since the trace is
also a rational integer.

PROPOSITION 1.4 Let p be a prime number
and let K =00 (£,) be the p" cyclotomic field.
Then

Ok =UIS,1=0[X]/ (D, (x));
1,§p,...,§;”2 is an integral basis for O, .
PROOF.
a=a,+a¢ +..+a,,6 " With g €. Then

a(l-¢)=a,(1-¢)+a(l —¢%)+...
+a, ,(¢"*=¢")

By the linearity of the trace and our above
calculations we find that Tr, (a(1-¢)) = pa,

We also have

Tr, (@@-¢))e pl,so a el Next consider
the algebraic integer

(a-a,)¢ " =a,+a,¢ +...+a,,¢ " This is an

Thus

Let o <O, and write

algebraic integer since ¢ =¢"" is. The same
argument as above shows that a [l, and
continuing in this way we find that all of the a,
are in [1 . This completes the proof.

Example 1.4 Let K =[], then the local ring
0 is simply the subring of [J of rational

numbers with denominator relatively prime to
p . Note that thisring [ ,is not the ring U of

p -adic integers; to get [ jone must complete
0 - The usefulness of O, , comes from the

fact that it has a particularly simple ideal
structure. Let abe any proper ideal of O, ; and

consider the ideal an O, of O,. We claim that
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a=(@n0,)0 ,;
by the elements of a in anO,. It is clear from
the definition of an ideal that a > (an O, )0, .

To prove the other inclusion, let o be any
element of a. Then we can write a=4/y

where B0, and y ¢ p. In particular, Bea
(since plyea and a is an ideal), so B €0,
and y¢p. so feanO,. Since 1/y O, ,

That is, that a is generated

this implies that a=p/y e (@n0O,)O, ,, as
claimed.We can use this fact to determine all of
the ideals of O, ,. Let a be any ideal of O, |

and consider the ideal factorization of anO, in
Og. write it as anO, = p"b For some n and
some ideal b, relatively prime to p. we claim
first that bO, , =0, . We now find that
a=(amOK)OK,p = pnbOK,p = pnOK,p
bOy ,- Thus every ideal of O, ; has the form

Since

p"Oy , for some n; it follows immediately that
Oy , Is noetherian. 1t is also now clear that
p"O , is the unique non-zero prime ideal in
O, - Furthermore, the inclusion
Oy = O,/ PO , Since pO, , O, = p, this
map is also surjection, since the residue class of
alBeO,, (with O, and Bep) is the
image of o™ in O,,,, which makes sense
since B is invertible in Oy, . Thus the map is

an isomorphism. In particular, it is now
abundantly clear that every non-zero prime ideal
of O, ,ismaximal. To show that O,  is a
Dedekind domain, it remains to show that it is
integrally closed in K. So let y € K be a root of

a polynomial with coefficients in O, ; write

a } a
myImdymly 420

B B
Bi €Oy, Set

this polynomial as  x

With o, €O, and

B =pp.--B.,. Multiplying by B" we find
that By is the root of a monic polynomial with
coefficients in O,. Thus By €O,; since ¢ p,
we have By/p=yeOy, . Thus O, is
integrally close in K.

COROLLARY 1.2. Let K be a number field
of degree n and let o be in O, then

N;(/L (aOy) = ‘NKIU (a)‘

PROOF. We assume a bit more Galois theory
than usual for this proof. Assume first that
K/O is Galois. Let o be an element of

Gal(K/0). It is clear that
o(Oy)/o(a)=0y,,; since o(0,)=0,, this
shows that N,, (c(a)O.)=N,, (xO,)
Taking the product over all o € Gal(K /[J), we
have Ny, (N, (@)Oy) =N, (aOy)" Since
N, (o) is arational integer and Oy is a freel]
-module of rank n,
Oy /Ny, ()0, Will have order N, (a)";
therefore

N;</[ (Ny/s (@)Oy) =Ny, (@Oy)"

This completes the proof. In the general case,
let L be the Galois closure of K and set
[L:K]=m.

3. Adaptive Clustering Self Organized Map

The data segmentation can be cast as a constraint
satisfaction problem by interpreting the process as one of
the assigning labels to data elements based on some
feature similarities and subject to certain spatial
constraints. This paper presents a Self-organized feature-
map network (SOFM) for label assignment based only on
feature similarities. The principal goal of the SOFM
network developed by Kohonen [4] | to transform an
incoming signal of arbitrary dimension into a one or two
dimensional discrete map, and to perform this
transformation adaptively in a topological order fashion.
Many activation patterns are presented to the network,
one at a time. Each input causes a corresponding localized
group of neuron in the output of the network to be active.
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To ensure region connectivity, the clustering process was
followed by a 3D connected component labeling
algorithm to generate the final regions. This paper
presents a novel adaptive clustering self-organized feature
map that combines clustering and connected component
labeling in one network. Spatial constraints are imposed
on the clustering algorithm so that only data elements that
are connected to each other are grouped together in a
certain class.

The network consists of K X 1 neurons, each representing
one feature cluster, therefore the number of neurons is
independent of the Data Size . Each neuron

Tig lﬂ T ':_:: K is connected to input data elements

Wil

by a set of synaptic weights H . Each neuron is
. | {wal
associated with a collection of sets which hold
the coordinates of the contiguous data elements that
caused the neuron to be activated . A data element

CEDEY
v is added to a particular set if the data element

is spatially connected to the set.

Network Topology

The network consist of /1 neurons, each representing
one feature cluster, therefore the number of neurons is
independent of the entire volume of data . Each neuron

LET lﬂ 1 ﬂ K is connected to input data elements

WEE-_II' o)

by a set of synaptic weights

m

W(E:b‘:ﬂ _( (Tane) | (Z2) (T:12) )T
T\ Wy Wi o Uk

1=1,2... K.

where Tt represents the number of reduced feature as
discussed in the previous section. Every neuron is also

associated with a collection of sets which hold the
coordinates of contiguous data elements that caused the

neuron to be activated. Suppose that at iteration ‘i‘: data

element ?(Ey‘@ represented by feature pattern

PN
Yl: ) is presented to the network.
The input to the ith neyron is calculated as

Netf = ||yl — Wi

d N N 2
- S - )
=1

The competitive learning rule Winner-take —all (WTA) is
used for updating the weights among the neuron. Only the

neuron that receives the minimum input would be

*

T

considered a the winner neuron, , as well as all the

(iTi2)
weights that lie in a neighborhood ﬂf" (k} are
pulled into the direction of the input pattern. This gives
the network learning rule

W.E?Nj (k+1)= W;@:WJ )+ 1ch‘r(i_F-J,r:Rﬂ (Y(:z:y:;] _ Wifwj( H)

and

WMk 1= WE I G - W

‘?’ny ) e Q&-ﬂ.ﬁ] (h

where W‘F ( @ number between 0 and 1) is the learning

rate at iteration -IE‘E
As shown in fig., the topological

S NE) & dofined ac
Q) = (WE D) v € 5)

neighborhood

S

Where =" is a spherical volume of radius R# centered at
Tallnt
VE i :]. The radius R# is selected fairly wide in the

beginning and then permitted to shrink with iteration k .

(T 12) ;
Topological neighborhood ﬂ‘r' . (kj . The

neighborhood is a spherical volume of radius

GEyifz) . .
centered at v .As mentioned earlier, each neuron

is associated with a collection of sets { i} which hold
the coordinate of contiguous data elements that caused the

. Telfel)
neuron to be activated. A data element "V( ) is
added to a particular set if that data element is spatially
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connected to the set. Each neuron ! 1{—: L {—: K , s

initially associated with an empty set whil Suppose that

e

(@ _
data element Vv activated neuron

fwi 1 1 <1 < ings}

neighborhood constraint set of "V(

Aanz)
Azl =

7§ \which has

sets.  We  define

el
) denoted by

=1 =1 k=1

U U U .[VEE—U;—M—#J}

i=1j=—1k=—1

(Z:ys7) Br
A Data element ¥ is assigned to a region Wil if
the following constraint is satisfied

N2 (g £ 6

If the previous condition fails for

created to hold V(E‘ﬂ:":] . Therefore, each set contain
only spatially connected data elements. After each
iteration, if two sets belonging to the same neuron contain
neighbor data elements, these sets are merged together.

every set

Wilimaz+1) is

a new set,

Network Convergence

The energy function of the proposed Network is always
convergent during the network evolution. For the
traditional unsupervised competitive learning algorithm.

The network minimizes an energy function F(W)
given by
W=LEEE Fr ey
=ly=l=li=l =l
Kmax

is the number of sets associated with
ik

where

neuron k and is the binary state of the set Wis

VE 1oif N&92 Ny # ¢,
’ 0 otherwise

Taking the derivative with respect to W we have

— AT T k(T2 (ry.2)
VE(W) = U™ VY= — W]
We can see that the weight updates are in the direction of

negative descent of F

W |+ 1) = W) ) - V(W)

— ) AT iz {r.2)
'W'r' {k)Hfbf' W( J_W'r' [k):'
Therefore, the energy function is always non-increasing
and the network | convergent.

Selecting the number of the neurons

In this section, we present a quantitative method for

selecting the optimal number of neurons (Clusters) of the
network. As shown in the previous section, the network

partitions the volume v yielding
connected regions

non-overlapping,

K

L= Z Kmaz
k=1
The segmentation results depend heavily on the selection

of the number of clusters (neurons), K . A criterion for
the selection process can be stated as follow:

K

Select the number of clusters, , such that the
segmentation produces a partition that maximizes the
homogeneity within segmented regions and the
heterogeneity among different regions.

Scatter matrices [5] is used in discriminant and cluster
analysis. Assume that the d-dimensional vectors

Y& A< r,y,2 < N,

have been

separated into L regions. The patterns in the kth group,

My

in  number, are denoted by the wvectors
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( Y vl

matrix for the & th group is given by

T
v )

. The scatter

Sk = RZ#'EY_EM _ m('*jjl[Yﬁm — m(@}?‘l
=1

k1.
where m ) is the vector of features means for the

T
m* = ( m m® )
(k)
and my is the mean for the th feature for the kth

The scatter matrix, S, for the pooled sample is defined as
L 1 T
— (k) Yy kD ~
S=) DAY —m)(Y;" —m)
k=17=1
where the pooled mean, m, | given by

1 L
m=—"> nm
N =

St
The within-group scatter matrix , “W , is defined as the

sum of the group scatter matrix

-

Sy =3 8"
=

Si.
Finally, the between-group scatter matrix, wB , is defined
as the scatter matrix for the group means

L

Sg=>)_ Z{m':"“) —m)(m* — m}T
k=17=1

Thus, a clustering quality measure, CQ, that maximizes
the between — class scatter with respect to the total scatter
can be formulate as

_ fr (-S.j]':l
CQx = S

Where I:I'I:-} is the trace of the matrix. Large values

CQH suggest compact, well isolated clusters. The
algorithm is performed for increasing values of K, starting
with a small value ( for example K =2 ), and each time

CQH is calculated . We select K that produces the

maximum CQ“ .
Adaptive Network Algorithm

The essence of the Network algorithm is that it substitutes
a simple geometric computation for more detailed
properties of the Hebb — like rule and lateral interactions.
There are five basic steps involved in the application of
the algorithm after initialization, namely, sampling,
similarity matching, weight updating, set assignment, and
merging. These five steps are repeated until, for a selected
number of neurons K , the map formation is complete.
These steps are then repeated for different values of K
until a maximum value for the clustering quality measure,
CQ, is reached.

Computational Complexity

The complexity of the adaptive network is mainly
determined by the size m of the reduced feature vector,
the number of clusters K, and the volume ire. For an N X
N X N volume, each iteration ha an order of complexity

OMKN 1,

we can

in order to reduce the complexity

1. Reduce the size of the input volume by sampling
in each direction to obtain an acceptable
representation that preserves the volume
properties at a higher scale.

2. Reduce the number of features by the features
selection procedure.

Adaptive
Algorithm

Clustering Self Organized map

To find the single best state sequence, q=(qi03...q:), for
the given observation sequence O=(0102...0t), we need to
define the quantity o(i) in below eq.
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S,y = max
1,42 i1

Playgs--G,q.4, =1,0101..0, | 4]

&i(i) is the highest score along a single path, at time t,
which accounts for the first t observations and ends in
state i. By induction we have

Oy () = max| @, (1ag | (0,4

T
bj(or+1) means. To retrieve the state sequence, we need to
keep track of the argument that maximizes dt+1(j) in above
eg. for each t and j. To store the argument, an array, y:(j)

is needed in the algorithm. The Viterbi search is as
follows.

1. Initialization
:_“.I-| (1) ,-Tl.fl?lg: el | =i = N istates)

iy =10

2. Recursion

S () =max[d, (Da; |b;(o,) 2<i=Tl<j<N
<iz ¥ T

o (j)=arg max|d, ifla,] 2<r=11<i=nN

’ l<ic N ’
3. Termination
x £
Po= max|&,(0)] gy = arg max|6 (1]
=i T ! SleeN

4. Path (state sequence) backtracking

* *
Gy =W atg g P=T-1L1 -2

Step 1 : Select an initial value for the number of
neurons K.
Step 2 : Associate each neuron with an empty set

Wi 1<1 < K
Step 3 : Initialize the synaptic weights of the network

wirho 1< i < K

= =, Y, < = V. to small, different, random
numbers at iteration k =0

Step 4 : Draw a sample Y[‘H'”"’] from the input
set.
Step 5 : Find the best — matching ( winning ) neuron

I at iteration k using the minimum distance
Euclidean criterion

.‘{n‘f‘. = mmH|Y[‘"'“"‘] Wr-[d“'g'i]“f}l‘ 140k k|

Step 6 : Update the synaptic weight vectors using the
update formula

Wr[:w’](,t | H _ WE:\'](“ | IJA:[[:'*}(Y[J'J] WE‘:‘J](L))

and

WO N4 1)= W 4 (v - wi e

(2.3.2)
Step 7 : Assign the input v to a neurodal set :
if " has only one empty set than

(z.2) ~ .., g
v £ _ ERTS N
L otherwise v is assigned
. ‘-‘-':Ir"l' . " . .
to a region " if the following constraint is
satisfied

N Nw,oy £ &

If the previous condition fails for every set

'\-‘-r:lr"'!li l C:: EI c:: ;r.:l..ui
new set,
(2.3.2)
is created to hold ¥ ’

Step 8 : Merge Set -7 *!" | << ri if they

are spatially connected

Step 9 : Increment k by 1, goto step 4 , and continue
(2.2}

until the synaptic weights i

steady — state values.

el et

reach their

Clk

Step 10 : Calculate the clustering quality

Step 11 : Select K that gives max ( Q K
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